Abstract. In this paper, we provide a complete list of 177 equivalence classes of primitive even 2-regular quaternary positive definite quadratic forms and their discriminants. All of them have class number 1.
Introduction
A positive definite integral quadratic form f is called regular if f represents all integers that are represented by the genus of f . Regular quadratic forms were first studied systematically by Dickson in [3] , where the term "regular" was coined. Jones and Pall in [6] classified all ternary regular positive definite diagonal quadratic forms. In the last chapter of his doctoral thesis [13] , Watson showed by arithmetic arguments that there are only finitely many equivalence classes of primitive positive definite regular ternary quadratic forms. The problem of enumerating the equivalence classes of the primitive positive definite regular ternary quadratic forms was recently resurrected by Kaplansky and his collaborators [5] . Their algorithm relies on the complete list of those regular ternary quadratic forms with square free discriminant [16] and a method of descent set forth by Watson in [13] . This method of descent involves a collection of transformations which change a regular ternary form to another one with smaller discriminant and simpler local structure, and it is this method which enables Watson to obtain the explicit discriminant bounds for regular ternary quadratic forms.
The study of higher dimensional analogs of regular quadratic forms is first initiated by Earnest in [4] . A positive definite quadratic form f of m variables is called n-regular if f represents all quadratic forms of n variables that are represented by the genus of f . In particular, a 1-regular quadratic form is simply a regular from defined in the previous paragraph. Earnest showed that there exist only finitely many equivalence classes of primitive positive definite 2-regular quaternary quadratic forms. His method is an extension of Watson's analytic argument (see [14] ) which seems to be inadequate to classify such lattices. Recently, Chan and the author [2] proved that there exist only finitely many primitive n-regular quadratic forms of rank n + 2 and n + 3 for n ≥ 2. In that paper, we turned the stage back to an arithmetic setting and bring back Watson's transformations into the arsenal. In this paper, we determine all primitive even positive definite 2-regular quaternary quadratic forms by using Watson's arithmetic method. More precisely, we show that there are exactly 177 equivalence classes of such quadratic forms and all of them have class number 1.
The subsequent discussion will be conducted in the better adapted geometric language of quadratic spaces and lattices, and any unexplained notations and terminologies can be found in [8] or [11] . The term lattice will always refer to an integral Z-lattice on an n-dimensional positive definite quadratic space over Q. The scale and the norm ideal of a lattice L are denoted by s(L) and n(L) respectively. The discriminant and the class number of L are denoted by dL and h(L) respectively. For any positive rational number a, L a is the lattice whose quadratic map is scaled by a. The successive minima of L are denoted by
The right hand side matrix is called a matrix presentation
We also write
for n = 2, 3, 4 respectively. For the tables of ternary and quaternary Z-lattices, see [1] and [9] or Sloane's electronic home page http://www.research.att.com/∼njas/.
Throughout this paper, we always assume that every Z-lattice L is positive definite and is primitive, i.e., Since most of the proofs require laborious computation, we simply outline the ideas behind. A version of this paper but with complete proofs of all stated results is available upon request to the author.
Some definitions and lemmas
Let L be a Z-lattice. For any positive integer m, define
Let λ m (L) be the primitive lattice obtained from Λ m (L) by scaling L ⊗ Q by a suitable rational number. Note that the scaling factor depends on the lattice structure of L p for p | m. For the properties of this transformation, see [15] or [2] 
, λ m is a surjective map (see [15] 
From this and the Weak Approximation Theorem follows the lemma.
Remark 2.2. The above bound for ord p (m) is best possible, for example,
Proof. Let˜ be any ternary
} is a basis of˜ by [12] . Therefore, is a primitive sublattice of L. Since the proofs of the other statements are quite trivial, they are left to the readers. 
Proof. Let p be a prime dividing dL.
Suppose that rank(L 0 ) = 1 and rank(L 1 ) = 0. Define
which is a contradiction. Now, suppose that M is a binary lattice.
Therefore, the number of t that has an integer solution is less than or equal to (
2 . This is a contradiction. If p < 31, one may show a contradiction by a direct calculation. Since the case when rank(M ) = 1 is easier than the above case, the proof is left to the readers. Now, suppose that rank(L 0 ) = 2 and rank(L 1 ) = 0. In this case, L represents all elements in {2t : 1 ≤ t ≤ p − 1}. Let N be a sublattice of L generated by the vectors x with Q(x) ≤ 2(p − 1). Since other cases can be done in a similar manner to the above, we only provide the proof of the case when rank(N ) = 2. Note that N is isometric to one of [ 
Basic strategy for computations
In this section, we explain the method classifying all even 2-regular quaternary Z-lattices.
First we classify all stable 2-regular quaternary Z-lattices. Let L be such a Z-lattice. Since L represents all even integers, dL ≤ 4292 by [7] . Furthermore, if we use the fact that L is 2-regular, we may have more effective upper bound and we may also prove the following lemma by using Lemma 2.3 and 2.4: Let L be an even primitive 2-regular quaternary Z-lattice and p be a prime.
Assume that L is unstable at p but is not absolutely unstable at p. If p is odd, then λ p (L) is a stable Z-lattice. Therefore, by Lemma 2.1,
where L is a stable lattice such that
We classify every 2-regular quaternary Z-lattice that has only one absolutely unstable prime. In the list of Section 4, every quaternary Z-lattice except the L i 's and the M i 's has only one unstable prime. Now let L be an arbitrary even primitive 2-regular quaternary Z-lattice and p be a prime. By applying suitable numbers of λ q (or λ 4 )-transformations, L can be transformed to a 2-regular q-stable Z-lattice for every prime q = p. We denote by λ p (L) such a Z-lattice. Then λ p (L) is isometric to one of Z-lattices having at most one absolutely unstable prime p. Since λ (p) (λ p (L)) is stable everywhere, it is isometric to one of the stable lattices L i 's. We define
is absolutely unstable at p}. 
Theorem 3.4. If |t(L)| ≥ 2 and L is stable at p for every p ∈ t(L), then t(L) = {2, 3} and L is isometric to one of Z-lattices in
Name M i d(M i ) Name M i d(M i ) M 1 [2,
List of primitive even 2-regular quaternary Z-lattices
In this section, the notation L = (r 0 , r 1 , . . . , r t ; k) in the row beginning with , r 1 , . . . , r t ) for a suitable prime p. If such a Z-lattice uniquely exists, then k will be omitted. In all cases, the prime p can easily be deduced from the discriminant of (r 0 , r 1 , . . . , r t ; k).
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